Introduction
Real option valuation is based on the observation that the possibilities of financial options give their holder resemble the possibilities to invest in real investments and possibilities found within real investments. In other words, real option valuation is treating investment opportunities and the different types of managerial flexibility as options and valuing them with option valuation models. Real options are useful both, as a mental model for strategic and operational decision-making, and as a valuation and numerical analysis tool. This paper concentrates on the use of real options in numerical analysis, and particularly on the derivation of the real option value for a given investment opportunity.
Real options are commonly valued with the same methods that have been used to value financial options, i.e., with Black-Scholes option pricing formula [1] , with the binomial option valuation method [9] , with Monte-Carlo based methods [2] , and with a number of later methods based on these. These models are based on the assumption that they can quite accurately mimic the underlying markets as a process, an assumption that may hold for some quite efficiently traded financial securities, but may not hold for real investments that do not have existing markets or have markets that can by no means be said to exhibit even weak market efficiency.
Recently, a novel approach to real option valuation, called the Datar-Mathews method (DMM) was presented in [11] , [12] , and in [10] , where the real option value is calculated from a pay-off distribution, derived from a probability distribution of the net present value (NPV) for a project that is generated with a (Monte Carlo) simulation. The DMM utilizes cash-flow scenarios as an input to a Monte Carlo simulation to derive a distribution for the future investment outcomes. This distribution is then used to create a pay-off distribution for the investment. The DMM is highly compatible with the way cash-flow based profitability analysis is commonly done in companies, because it can use the same type of inputs as NPV analysis.
All of the above mentioned models and methods use probability theory in their treatment of uncertainty, there are however, other ways than probability to treat uncertainty, or imprecision in future estimates, namely fuzzy logic and fuzzy sets. Fuzzy sets can be used to formalize inaccuracy that exists in human decision making and as a representation of vague, uncertain or imprecise knowledge, e.g., future cash-flow estimation, which human reasoning is especially adaptive to. The origins of fuzzy sets date back to an article by Lotfi Zadeh [16] . Fuzzy algebra was created to handle imprecise elements in our decision making processes, and is the formal body of theory that allows the treatment of practically all decisions in an uncertain environment.
In the following subsection we will shortly present fuzzy sets and fuzzy numbers and continue shortly on using fuzzy numbers in option valuation. We will then present a new method for valuation of real options from fuzzy numbers that is based on the previous literature on real option valuation, especially the findings presented in [11] and on fuzzy real option valuation methods, we continue by illustrating the use of the method with two different types of fuzzy numbers and close with conclusions.
Fuzzy Sets and Fuzzy Numbers
A fuzzy subset A of a non-empty set X can be defined as a set of ordered pairs, each with the first element from X, and the second element from the interval [0, 1], with exactly one ordered pair present for each element of X. This defines a mapping,
The value zero is used to represent complete nonmembership, the value one is used to represent complete membership, and values in between are used to represent intermediate degrees of membership. The set X is referred to as the universe of discourse for the fuzzy subset A. Frequently, the mapping μ A is described as a function, the membership function of A. The degree to which the statement "x is in A" is true is determined by finding the ordered pair (x, μ A (x)). The degree of truth of the statement is the second element of the ordered pair. It is clear that A is completely determined by the set of tuples
It should be noted that the terms membership function and fuzzy subset get used interchangeably and frequently we will write simply
and defined by
. A fuzzy number A is a fuzzy set of the real line with a normal, (fuzzy) convex and continuous membership function of bounded support [3] . Fuzzy numbers can be considered as possibility distributions. 
In other words, a 1 (γ) denotes the left-hand side and a 2 (γ) denotes the right-hand side of the γ-cut, γ ∈ [0, 1].
Definition 1.2. A fuzzy set A is called triangular fuzzy number with peak (or center) a, left width α > 0 and right width β > 0 if its membership function has the following form
and we use the notation A = (a, α, β). It can easily be verified that
The support of A is (a − α, b + β). [3] by 
Definition 1.3. The possibilistic (or fuzzy) mean value of fuzzy number
and we use the notation
It can easily be shown that
When we replace non-fuzzy numbers (crisp, single) that are commonly used in financial models with fuzzy numbers we can construct models that include the inaccuracy of human perception, or ability to forecast, within the (fuzzy) numbers. This makes these models more in line with reality, as they do not simplify uncertain distribution-like observations to a single point estimate that conveys the sensation of nouncertainty.
Fuzzy numbers (fuzzy logic) have been adopted to option valuation models in (binomial) pricing an option with a fuzzy payoff, e.g., in [13] , and in Black-Scholes valuation of financial options in, e.g., [15] . Fuzzy numbers have also been applied to the valuation of real options in, e.g., [4] , [7] , and [5] . More recently there are a number of papers that present the application of fuzzy real option models in the industry setting, e.g., [6] , [14] . There are also specific fuzzy models for the analysis of the value of optionality for very large industrial real investments, e.g., [8] .
New Fuzzy Pay-Off Method for Valuation of Real Options from Fuzzy Numbers
Two recent papers [11] , [12] present a practical probability theory-based Datar-Mathews method for the calculation of real option value and show that the method and results from the method are mathematically equivalent to the BlackSholes formula [1] . The method is based on simulation generated probability distributions for the NPV of future project outcomes. The project outcome probability distributions are used to generate a pay-off distribution, where the negative outcomes (subject to terminating the project) are truncated into one chunk that will cause a zero pay-off, and where the probability weighted average value of the resulting pay-off distribution is the real option value. The DMM shows that the real option value can be understood as the probability-weighted average of the pay-off distribution. We use fuzzy numbers in representing the expected future distribution of possible project costs and revenues, and hence also the profitability (NPV) outcomes. The fuzzy NPV, a fuzzy number, is the pay-off distribution from the project.
The method presented in [11] implies that the weighted average of the positive outcomes of the pay-off distribution is the real option value; in the case with fuzzy numbers the weighted average is the fuzzy mean value of the positive NPV outcomes. Derivation of the fuzzy mean value is presented in [3] . This means that calculating the ROV from a fuzzy NPV (distribution) is straightforward, it is the fuzzy mean of the possibility distribution with values below zero counted as zero, i.e., the area weighted average of the fuzzy mean of the positive values of the distribution and zero (for negative values).
Definition 2.1. We calculate the real option value from the fuzzy NPV as follows
where The components of the new method are simply the observation that real option value is the weighted average of the positive values of a pay-off distribution of a project, which is the fuzzy NPV of the project, and that for fuzzy numbers the probability weighted average of the positive values of the pay-off distribution is the weighted fuzzy mean of the positive values of the fuzzy NPV, when we use fuzzy numbers.
A stands for the fuzzy NPV, E(A + ) denotes the fuzzy mean value of the positive side of the NPV, and

Calculating the ROV with the Fuzzy Pay-Off Method with a Selection of Different Types of Fuzzy Numbers
As the form of a fuzzy number may vary the most used forms are the triangular and trapezoidal fuzzy numbers. We shall calculate the positive area and the fuzzy mean of the positive area of a triangular fuzzy pay-off A = (a, α, β) in the case of a − α < 0 < a. Variable z, where 0 ≤ z ≤ α, represents the distance of a general cut point from a − α at which we separate the triangular fuzzy number (distribution) into two parts -for our purposes the variable z gets the value α − a (we are interested in the positive part of A). Let us introduce the notation
for the membership function of the right-hand side of a triangular fuzzy number truncated at point a − α + z, where
Then we can compute the expected value of this truncated triangular fuzzy number
where
and the integrals are computed by
and
that is,
and we get,
If z = α − a then A|z becomes A + , the positive side of A, and therefore, we get
To compute the real option value with the above formulas we must calculate the ratio between the positive area of the triangular fuzzy number and the total area of the same number and multiply this by E(A + ), the fuzzy mean value of the positive part of the fuzzy number A, according to the formula (2).
For computing the real option value from an NPV (payoff) distribution of a trapezoidal form we must consider a trapezoidal fuzzy pay-off distribution A defined by 
Then we have the following five cases,
• Case 1: z < a 1 − α. In this case we have E(A|z) = E(A).
• Case 2: a 1 −α < z < a 1 . Then introducing the notation,
and,
• Case 3: a 1 < z < a 2 . In this case γ z = 1 and
• Case 4: a 2 < z < a 2 + β. In this case we have
if γ < γ z and we find,
• Case 5: a 2 +β < z. Then it is easy to see that E(A|z) = 0 In the same way as was discussed above in connection to the triangular NPV, to compute the real option value with the above formulas we must calculate the ratio between the positive area of the fuzzy number (NPV) and the total area of the same number according to the formula (2).
Conclusions
There is reason to expect that the simplicity of the presented method is an advantage over more complex methods. Using triangular and trapezoidal fuzzy numbers make very easy implementations possible with the most commonly used spreadsheet software; this opens avenues for real option valuation to find its way to more practitioners. The method is flexible as it can be used when the fuzzy NPV is generated from scenarios or as fuzzy numbers from the beginning of the analysis. Fuzzy NPV is a distribution of the possible values that can take place for NPV; this means that it is by definition perceived as impossible at the time of the assessment that values outside of the number can happen. This is in line with the situation that real option value is zero when all the values of the fuzzy NPV are lower than zero. In practice it is often that managers are not interested to use the full distribution of possible outcomes, but rather want to limit their assessment to the most possible alternatives (and leaving out the tails of the distribution). We think that the tails should be included in the real option analysis, because even remote possibilities should be taken into consideration.
The method brings forth an issue that has not gotten very much attention in academia, the dynamic nature of the assessment of investment profitability, i.e., the assessment changes when information changes. As cash flows taking place in the future come closer, information changes, and uncertainty is reduced this should be reflected in the fuzzy NPV, the more there is uncertainty the wider the distribution should be, and when uncertainty is reduced the width of the distribution should decrease. Only under full certainty should the distribution be represented by a single number, as the method uses fuzzy NPV there is a possibility to have the size of the distribution decrease with a lesser degree of uncertainty, this is an advantage vis-à-vis probability based methods.
The common decision rules for ROV analysis are applicable with the ROV derived with the presented method. We suggest that the single number NPV needed for comparison purposes is derived from the (same) fuzzy NPV by calculating the fuzzy mean value. This means that in cases when all the values of the fuzzy NPV are greater than zero the single number NPV equals ROV, which indicates immediate investment. We feel that the presented new method opens possibilities for making simpler generic and modular real option valuation tools that will help construct real options analyses for systems of real options that are present in many types of investments.
